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Electromagnetic first-order conservation laws in a chiral 
medium 

Silvestre Ragusa 
D e p m e n t o  de Fisica e Ci&ncia dos Matenais, lnstituto de Fisica e Quimica de S5.o Carlos, 
Universidade de .SE0 Paulo, Caixa Postal 369, 13560-970, SZo Cxlos, SP, Bnzil 

Received 5 October 1993 

Abstract. The electromagnetic first-order conservation laws associated with the symmetric 
zilch Z and ifs antisymmetric companion Y previously derived for a field in B normal medium 
are extended to rhe case of a chiral medium. 

1. htrodution 

Recently Bailyn and the author [l] have established the electromagnetic first-order 
conservation laws associated with Lipkin’s symmetric zilch 2 [Z] and its antisymmetric 
companion Y [3] for a field in a normal (homogeneous, isotropic and linear) medium with 
permitivities E and p.  In this paper we extend the study to the case of a chiral medium. 
The conservation laws will be derived for a medium at rest. 

2. The basic equations 

We shall be concerned with chiral media characterized by the Fedorov constitutive relations 
I41 

D = < E  + E ~ V  x E (1) 

B = p H + p p V  x H (2) 

in the rest frame of the medium. The pseudoscalar f i  measures the degree of chirality. With 
equations (1) and (Z), Maxwell’s equations in the absence of charges (V . D = 0, V. B = 
0 ,  V x H = D,t9 V x E = -B,,, where aafat = a,> = a)  give rise to the folIowing 
equations for E and B: 

V . E = O  (3) 

V . B = O  (4 ) 

V x E = -B,, (5 )  

and 

V x B = p J  +€PE,, 
where 

J = c ~ V  x K 
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with 

K 2E,, i- BV x E,, = 2E,, - BB,,, . (7b) 
We then see that (3W6) are formally similar to Maxwell's equations for a normal medium 
with current densities p = 0 and J .  If we take the curl of (5 )  and (6) we obtain the 
equations 

and 

3. The conservation laws 

The fifteen conservation laws for the normal medium [I] involved the pseudovectors E x  E,,  
and B x B,t, and the pseudo-tensor B;Ej - B i k j .  The symmetric and antisymmetric 
combination of the first two quantities correspond to Lipkin's zilch ZfJrin [2] and its partner 
Y O i "  [3], respectively, and the i, j symmetric and antisymmetric combination of the last one 
correspond to Zij" and Y'j", respectively. Let us see what the expressions involving these 
quantities are in our case. If we calculate (E  x E,,),, and use (8) we obtain the relation 
(aa/axj = a.j) 

(10) 
We shall now show that the second term on the right-hand side of this equation is a 
divergence, as is the first one. Using (7a 6 )  we have 

(1 1) 
1 -(E., x J)i = kj(Kj.i - K i , j )  = (k2),j -,9[(kj.Bj,f),i - E j , { E j , , ]  - (k jK j ) , j  

E B  
where, in the last step, use has been made of (3). The second term inside the square bracket 
can be written as 

[ E  x (EPE,I  + @J)I.t = ( E  x E,j).j + h(E.1 x J ) .  

Ej.i Bj, ,  = (k,Bi,,),j (12) 
which follows from (5),  (E,,; = El,, - ~ i j a & )  together with (4). This shows that E,, x J 
is in fact a divergence and, therefore, that (10) can be written as a differential conservation 
law. To be consistent with the notation used in [ I ]  we write it as 

X i o n  .I + xi"j . j  - 0  - 
where, using (6), 

Xi"' = (E  x (V x B)); 
and 

. .  
X ' O J  ~ - ( E  x E.j)i - E P S [ ( ~ ~  - S.&&.,)Sj + P E i B j i ,  - kjKil, (15) 

The pseudovector Xi"" is then to be interpreted as the density of the conserved quantity and 
Xi"j as expressing its flux. The constant of motion is then 

(16) xw = ~ i o o d 3 ~  . s 
Now we calculate ( B  x B,,),,. Using (9) we get 

E@(B x B,,)i.r = (B X B,j)i.j + @ B j ( J j . i  - J i , j )  , (17) 
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The last term can be written as 

B,(J,.t - Ji, j)  = (B. 4 . i  - (BiJj).,  - E P ( J  X - (B,Jt),, (18) 

where we have used (4), (6) ( 5 . i  = 4 . 1  + t i j k ( P J k  + €P&)), and J,,j = 0 which follows 
from (7a). As we saw before, the term (J  x E,,)  can be written as a divergence. Therefore, 
aI1 the right-hand side of (18) and consequently of (17) can be written as a divergence. We 
then have another conservation law. We get 

, j  = o  xo io  + xoij 
.I 

where, with (5),  

XoiO = -€/L(E x (V x E))i 

and 

X"" = -(B x B,,)i - p ( ( B  . J + ~'pfi( /?'  - f i , k k h k , t ) ) & j  - BiJj 

-BjJi  + tZ@fi(,9EiB,,, - E j K i ) ]  . 
The new conserved quantity is then 

X"' = -6 B x (V x E ) d 3 x ,  
P I  

Finally we use ( 8 )  and (9)  to write the relation 

[CPhiEj - Bi(€Pbj  + IL4)],, = (EjBi,k - BiEj.k),k + P [ ( v  X @ i J j  + (v X J ) i E j ] .  

(23) 
Now we transform the last term. Using (7a) and noting from (7b) that K,.j = 0, its first 
part can be written as 

-(v X J ) , E j  = -(Ki,kEj).k +2ki,kE,,k - ~(hi , tEj ,k) ,r  + f i b , t v Z E j .  (24) 

- - (VxE) t J ,  = &(2hj , ,+f iV2Ej) .  (25) 

1 

4 
We also have from (7a, b), (5) and (3). 

I 

E B  

Before adding these two equations we use, for the second term on the right-hand side of 
(24), the relation 

. .  
. k i , kEj ,k  (&.iEj + kiEk,j).k - &, iEk , j  + & j B k . b k . t  - BiBj,, . (26) 

This fOllOWS from Ej,k = Ek,j ( E j , k  - &.j)  = E k , j  - Ekjmhm and Similarly for & , k ,  and 
by making use of (3). Finally we write the second term on the right-hand side of (26) as 

hk . iEk . j  l [ ( i k E k , j ) . i  + ( E k . i E k ) . j  - (EkEk,ij).tl. (27) 

Using this and the previous relation we can see that the sum of (24) and (25) can be written 
as a divergence plus a time derivative. In other words (23) can be written as a differential 
conservation law. We obtain 

(28) x'ijo + x ' i j k  
,t ,k = 

where, with (5) and (6), 

X'j'' = --EP(V X E)iEj - Bi(V X B)j - €P,9(EmEm,ij + B'&j + BBiV'Ej) (29) 
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and 
I . .  x 'Ik = Bil3j.k - EjL3i.r 4- Epp(Ki.rEj -4- pBj.rEj.k - 28k,iEj - 2Ei Ek,, 

f&.kmEm,j +8jkEmEm,i). (30) 
The new set of (nine) constants of motion is then 

x ' i j  = ~ ' i i " d 3 ~  , (31) 

This, together with (16) and (22), give our fifteen constants of motion for the chiral medium. 
To conform with the notation in [ I ]  we reserve the denomination Xiju(a = 0 - 4) for the 
quantity Xi" = X"jn - 8~j(&nX'm"u)/2, which, of course obeys the same differential 
conservation law expressed in (28) .  Instead of (31) we can take as constants of motion the 
quantities 

s 

(32)  X'j  = Xij"d3x s 
where xiio = ,!('in - 6. ,,(AmnX"'")/2, with X"j0 given by (29) .  

The constants of motion Xi" and X"' in (16) and (22)  have the same form as those 
derived for the normal medium but not so far X'j ,  We mention that the symmetric and 
antisymmetric combination of the first two quantities give, respectively, the constants of 
motion associated with Lipkin's symmetric zilch [ 2 ]  Z'" = X i " + X o i  , and its antisymmetric 
companion [3] Yil' = Xi" - X"'. The corresponding quantities constructed with X'j  are 
Zi j  = X'j + Xii and Yi j  = X'j - X i ' .  Lipkin's Zo" corresponds to -X""A,,, which is 
not an independent quantity. 

4. Conclusions 

We have extended the first-order conservation laws previously obtained for a field in a 
normal medium 111 to the case of a chiral medium. The first two sets of constants of 
motion, in (16) and (22) ,  have exactly the same form as for the normal medium [ I ]  but 
not the set in (32). The conservation laws have been established in the rest frame of the 
medium. A covariant approach, giving the results in an arbitrary frame, is presently under 
investigation. 

In a normal medium [I]  it is apparent from the covariant approach that we have 
only fifteen first-order conservation laws bilinear in the fields, since they are the fifteen 
independent components of a traceless 4-tensor X , = 0. The laws considered here 
correspond one by one to those contained in yo, and reduce to them in a medium at rest 
when the chirality parameter fl vanishes. Therefore, fifteen first-order conservation laws 
( 'first-order' indicating that they involve first-order derivatives of the field quantities) is 
also all that we have in a chiral medium. This should be more apparent in the covariant 
approach to be considered in a forthcoming paper. 
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